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We have carried out a comprehensive first-principles study of the energetic, structural, and electronic prop-
erties of solid rare-gas �RG�-helium binary compounds, in particular, Ne�He�2 and Ar�He�2, under pressure and
at temperatures within the range of 0�T�2000 K. Our approach is based on density-functional theory and
the generalized gradient approximation for the exchange-correlation energy; we rely on total Helmholtz free-
energy calculations performed within the quasiharmonic approximation for most of our analysis. In Ne�He�2,
we find that at pressures of around 20 GPa the system stabilizes in the MgZn2 Laves structure, in accordance
to what was suggested in previous experimental investigations. In the same compound, we predict a solid-solid
phase transition among structures of the Laves family of the type MgZn2→MgCu2, at a pressure of Pt

=120�1� GPa. In Ar�He�2, we find that the system stabilizes in the MgCu2 Laves phase at low pressures but
it transitates toward the AlB2-type structure by effect of compression at Pt=13.8�4� GPa. The phonon spectra
of the Ne�He�2 crystal in the MgZn2 and MgCu2 Laves structures, and that of Ar�He�2 in the AlB2-type phase,
are reported. We observe that the compressibility of RG-RG and He-He bond distances in RG�He�2 crystals is
practically identical to that found in respective RG and He pure solids. This behavior emulates that of a system
of noninteracting hard spheres in closed-packed configuration and comes to show the relevance of short-range
interactions on this type of mixtures. Based on size-ratio arguments and empirical observations, we construct
a generalized phase diagram for all RG�He�2 crystals up to a pressure of 200 GPa where we map out systematic
structural trends. Excellent qualitative agreement between such generalized phase diagram and accurate ab
initio calculations is proved. A similar construction is done for RG�H2�2 crystals; we find that the MgCu2 Laves
structure, which has been ignored in all RG-H2 works so far, might turn out to be competitive with respect to
the MgZn2 and AlB2-type structures. Furthermore, we explore the pressure evolution of the energy-band gap in
RG�He�2 solids and elaborate an argument based on electronic-band theory which explains the observed trends.
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I. INTRODUCTION

Understanding the behavior of rare gases �RGs� and their
mixtures under pressure is of relevance in astronomy and
planetary sciences because of their abundance in universe
and presence in the interior of planets and stars. Additionally,
rare-gas solids are also of interest for practical applications.
Light RGs are inert solids with intriguing elastic properties
and very small bulk modulus1,2 so alloys involving them may
lead to new class of materials of potential use in science and
technology �for instance, as improved pressure-transmitting
media in high-load compression experiments and/or synthe-
sis processes�. Therefore, information about the structural,
electronic, and vibrational properties of systems such as bi-
nary mixtures of RGs and He is desirable. Among the binary
mixtures of RGs and He, only the Ne-He system has been
studied.3,4 Indeed, there is experimental evidence for the sta-
bilization of a homogeneous Ne-He binary crystal at moder-
ate pressures �10 GPa� P�, with a 4He molar concentration
of 2/3. From synchrotron x-ray diffraction measurements, the
phase structure of such compound was identified, though not
unequivocally, with the MgZn2 Laves structure �C14�.3 Nev-
ertheless, a satisfactory exploration of the phase diagram of
Ne�He�2 and of RG-He compounds in general is still lacking
and structural solid-solid phase transitions are expected to
appear on them by effect of pressure.

From the crystallographic point of view, mixtures of RGs
and He are interesting systems because they appear to crys-
tallize in a series of structures belonging to a particular class
of alloys, the so-called Laves phases.5–8 These structures
have composition AX2 and are considered as size-factor com-
pounds, forming the largest group of intermetallic alloys
with more than 1400 representatives. An important charac-
teristic of the Laves phases is that the thermodynamic P−V
ranges over which they become stable may be understood in
terms of space-filling arguments. This implies that changing
atom A in compound AX2 by an element with larger or
smaller atomic radius may induce a solid-solid phase transi-
tion between structures belonging to the Laves family. In the
same way, thermodynamic pressure may act as the driving
force of such structural changes. Pressure effects on the crys-
talline structure of compounds such as Ne�He�2 and Ar�He�2,
therefore, are interesting not only for basic research but for
understanding the nature of many Laves-type intermetallic
compounds which show remarkable mechanical and physical
properties.

Concerning the electronic properties, RGs are known to
be good insulators at normal conditions of temperature and
pressure though they are expected to become eventually
semiconductor or even metallic by effect of extreme
compression.9 The case of RG-He compounds is particularly
interesting because possible pressure-induced metallization
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of helium due to chemical precompression by heavier ele-
ments. In addition to this, one can do reasonable extrapola-
tions to the electronic and structural properties of RG-�H2�2
systems, much more intensively studied so far,10–14 basing on
RG-�He�2 results.

It is worthwhile noticing that from a theoretical point of
view light RG crystals are challenging systems to describe
since, despite their electronic structure is simple, one has to
deal with related anharmonicity and zero-point motion even
in the regime of low temperatures.15,16 Moreover, long-range
correlations of van der Waals type play a decisive role in
their cohesion at low densities and standard first-principles
techniques such as density-functional theory �DFT� may fail
at reproducing such type of interactions.17–19 For these rea-
sons, RG solids are challenging and special benchmarks for
first-principles work.

In this work, we present a comprehensive first-principles
study of the structural, vibrational, and electronic properties
of solid Ne�He�2 and Ar�He�2 binary compounds under pres-
sure. We also provide information about the energetic and
electronic properties of the Kr�He�2 crystal but to a lesser
extent. To the best of our knowledge, previous studies char-
acterizing solid Ar�He�2 and Kr�He�2 are inexistent so this
work provides among other things motivation to further ex-
perimental and theoretical research. Our computational ap-
proach is based on DFT and we have performed zero tem-
perature and quasiharmonic Helmholtz free-energy
calculations over wide thermodynamic ranges �typically, 0
� P�300 GPa and 0�T�2000 K�. As a result, here we
report on the prediction of phase transitions and we map out
systematic structural trends in the high-P phase diagram of
RG-He mixtures. Furthermore, results for the vibrational
phonon spectra and the evolution of the electronic-band gap
with pressure in Ne�He�2 and Ar�He�2 are presented.

The remainder of the paper is organized as follows. In the
next section, we provide a brief description of the Laves and
AlB2-type structures since these are nonstandard crystal
phases to which the reader may be not familiarized and are
relevant to RG-He systems. In Sec. III, the basics of the
computational methods used and technicalities are summa-
rized. Then �Sec. IV�, we move to present our zero- and
finite-temperature results for the Ne�He�2 and Ar�He�2 crys-
tals and general structural and electronic trends found in
RG-He mixtures under pressure. A discussion about RG�H2�2
crystals based on RG�He�2 results is reported in Sec. V to-
gether with the conclusions.

II. CRYSTAL STRUCTURES

Many AX2 compounds involving large A atoms and small
X atoms crystallize in the Laves phases or in the AlB2-type
structure.5–8 These structures have been considered in the
literature as the potential structures for RG�He�2 compounds3

and will be the ones considered along this work. All these
phases involve a maximization of packing fraction. When the
atomic diameters dA and dX have a ratio slightly smaller than
�3 /2, AX2 alloys usually crystallizes in the hexagonal C14
Laves structure, typified by MgZn2 �space group: P63 /mmc,
Z=4�. In the case that dA /dX is slightly larger than �3 /2,

then the cubic C15 Laves structure �space group: Fd3m, Z
=8�, typified by MgCu2, is favored. On the other hand, when
the value of this ratio is between 1.4 and 1.6 the elements
mixtures prefer the hexagonal AlB2-type structure �space
group: P63 /mmc, Z=1�. In addition to these structures, the
hexagonal C36 Laves phase is also commonly found, typi-
fied by MgNi2 �space group: P63 /mmc, Z=8�. The Laves
phases, shown in Figs. 1 and 2, can be described in terms of
hexagonal lattices in which atomic arrangements lead to the
assumption of axial ratios in proportion 2:3:4 for MgZn2,

(b)(a)

FIG. 1. Schematic representation of the MgZn2 �a� and MgCu2

�b� crystal structures. Large black spheres represent RG atoms
while small gray spheres represent 4He atoms.

(b)(a)

FIG. 2. Schematic representation of the MgNi2 �a� and
AlB2-type �b� crystal structures. Large black spheres represent RG
atoms while small gray spheres represent 4He atoms.
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MgCu2, and MgNi2, respectively. They can be regarded also
as tetrahedrally close-packed structures of atoms A and X.
Large A atoms are surrounded by 16 vertices Frank-Kasper
polyhedron �12 X and 4 A atoms� and small X atoms are
surrounded by an icosahedron formed by 6 A atoms and 6 X
atoms. In each case, the main difference is the ordering of
the X atoms tetrahedra. In the MgZn2 structure, they join
alternatively point-to-point and base-to-base �see top of Fig.
1�. In the MgCu2 structure, they join point-to-point �see bot-
tom of Fig. 1� and structure MgNi2 contains both types of
junctions �see top of Fig. 2�. In the three phases the A atoms
are accommodated within the holes of the arrangement of
tetrahedra, forming a hexagonal network. Regarding the
AlB2-type structure,20 this can be understood as a distorted
version of the MgCu2 phase. This structure is shown in Fig.
2 �bottom� where a close-packed arrangement of A and X
atoms can be seen. Basically, it consists of a graphitelike
layered X atom structure between which A atoms accommo-
date forming intermediate triangular lattices.

III. METHODS AND TECHNICALITIES

DFT is a first-principles approach which has allowed for
accurate and reliable knowledge of a great deal of materials
with exceptional computational affordability.21,22 In this
work, DFT provides the basis for our understanding of the
atomic and electronic structure of RG-He crystals as a func-
tion of pressure. There is only one uncontrollable approxi-
mation in DFT, namely, the functional used for the
exchange-correlation energy Exc. There is abundant evidence
that commonly used Exc functionals yield accurate results for
a range of properties of metallic and nonmetallic crystals,
including equilibrium lattice parameter, elastic constants,
phonon frequencies, T=0 equation of state �EOS�, solid-state
phase boundaries, etc.15,23,24 The exchange-correlation func-
tional used for all the present work is that due to Perdew and
Wang,25 which provides very good agreement with respect to
experimental P−V data found in Ref. 3 �better than obtained
with the local-density approximation �LDA� due to Ceperley
and Alder,26 as we have checked�.

A completely separate issue from the choice of Exc is the
implementation of DFT that is used. This concerns mainly
the way that the electron orbitals are represented. There are
several implementations of DFT that can be used to calculate
the total energy per atom of a crystal, including pseudopo-
tential techniques,27 the projector augmented wave �PAW�
technique,28,29 the full-potential augmented plane-wave
technique,30,31 etc. We have chosen to use PAW here, as
implemented in the VASP code32 because it has been shown
that for a given Exc functional it can give values for the total
energy that are closer to the exact value than most other
implementations.33

We calculate the total Helmholtz free energy Ftot�V ,T� of
RG-He crystals within the quasiharmonic approximation us-
ing the formula

Ftot�V,T� = Eperf�V,0� + Fharm�V,T� , �1�

where Eperf is the energy of the perfect �relaxed� static crystal
at zero temperature and Fharm is the part of the total energy

which stems from the atomic vibrational excitations and, that
is, calculated using the phonon frequencies. In this section,
we briefly explain the basics of the methods that we have
used for estimating Ftot and summarize the parameters and
settings that control convergence in our results.

Before moving to this, it must be noted that standard DFT
may give poor results at describing long-range dispersive
interactions, such as for instance van der Waals forces, due to
the local nature of the approximations introduced.17–19 Also,
it is well known that such interactions play an important role
in the cohesion of RG solids at low densities. Nevertheless,
short-range effects in RG systems become increasingly more
relevant as pressure is raised so the description obtained with
DFT becomes progressively more accurate as density is
increased.34 In fact, Nabi et al.35 have shown recently that
the elastic properties and equation of state of solid 4He cal-
culated with DFT are in very good agreement with respect to
measurements performed at P�13 GPa. For these reasons,
and despite dispersive interactions have not been treated in
any specific way, the results we are to present here should be
considered as accurate since we have restricted our analysis
to the regime of intermediate and high pressures �which we
somehow arbitrarily set as P�12 GPa�. Questions such as,
which is the minimum pressure at which solid Ne�He�2 and
Ar�He�2 stabilize? and what are the stable structures of these
crystals at low pressures �P�12 GPa�? cannot be answered
satisfactorily with the present approach, so we leave them for
future work.

A. Zero-temperature energy calculations

There is a series of parameters that control convergence in
our PAW calculations. Essentially, these are the number of k
points used for integration over the first Brillouin zone �BZ�,
maximum energy cutoff for the plane-wave basis set, number
and type of electrons considered in valence, smearing of the
Fermi-Dirac electronic occupation distribution, and the toler-
ance for energy convergence in the self-consistency cycle.
Based on exhaustive tests, we have set the value of all these
parameters so as to ensure convergence of the total electronic
energy Eperf to less than 0.1 meV/atom.36 As will be shown in
the next section, energy differences among the Laves struc-
tures turn out to be very small �especially in the case of
Ne�He�2� so we have chosen large energy cutoffs and dense
k-point grids. In particular, we use special Monkhorst-Pack
�MP� k-point grids37 of 14�14�7 for the MgZn2 structure
�12 atoms per unit cell�, 14�14�14 for the MgCu2 struc-
ture �6 atoms per unit cell�, 12�12�4 for the MgNi2 struc-
ture �24 atoms per unit cell� and 9�9�18 for the AlB2-type
structure �3 atoms per unit cell�. The plane-wave energy cut-
off chosen for the different elements is, 480.0 eV for
He�1s2�, 412.4 eV for Ne�2s22p6�, 319.6 eV for Ar�3s23p6�,
and 222.4 eV for Kr�4s24p6�, where the number within pa-
rentheses indicate the electronic states considered in valence.
A tolerance of 10−5 eV for the self-consistent loops and
Fermi-Dirac smearing equivalent to an electronic tempera-
ture of 2000 K, has been imposed.

For a given volume of the unit cell, the equilibrium posi-
tion of the atoms in the MgZn2-, MgNi2-, and AlB2-type
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structures are not entirely determined and ionic relaxation
loops must be carried out in order to minimize the forces
acting on each atom. We have done this by using a
conjugate-gradient algorithm which allows for atomic and
cell shape variation while keeping the volume fixed, and we
have imposed a tolerance in the atomic forces of 0.01 eV /Å.
Several tests have been carried out on this setting and the
conclusion emerging from them is that by imposing atomic
forces tolerances down to 0.005 eV /Å our results remain
unaltered.

The total electronic zero-temperature energy Eperf �see Eq.
�1�� of Ne�He�2 and Ar�He�2 in the MgZn2-, MgCu2-,
MgNi2-, and AlB2-type crystal structures, has been calcu-
lated over grids of typically 12 volume-points distributed
uniformly within the pressure range of 0� P�300 GPa.
Atomic cell relaxations have been performed for all the
structures at every single volume point �except for the
MgCu2 structure�. Energy results then have been fitted to a
third-order Birch-Murnaghan equation,38 which reads

Eperf�V,0� = E0 +
3

2
V0K0�−

�

2
�V0

V
�2

+
3

4
�1 + 2���V0

V
��4/3�

−
3

2
�1 + ���V0

V
��2/3�

+
1

2
�� +

3
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where E0 and K0=−V0
d2E
dV2 are the values of the energy and

the bulk modulus at equilibrium volume V0, respectively, �
= 3

4 �4−K0�� and K0�= ��K /�P�, with derivatives evaluated at
zero pressure. The static �T=0� equation of state is obtained
as the minus derivative of Eq. �2� as a function of volume. A
zero-temperature phase transition between stable crystal
structure I and energetically competitive crystal structure II
will occur at pressure Pt, when the corresponding enthalpies
of both phases become equal �that is, PI�VI�= PII�VII�= Pt and
Eperf�VI�+ PtVI=Eperf�VII�+ PtVII�.

B. Atomic vibrational energy

We have calculated the phonon-dispersion relations of
Ne�He�2 in the MgZn2 and MgCu2 structures and of Ar�He�2
in the AlB2-type structure �for reasons that will become clear
later� at a series of volumes. In particular, we have consid-
ered a volume range of 2.90�V�9.01 Å3 �6 volume-point
grid� for Ne�He�2 and 4.43�V�9.53 Å3 �4 volume-point
grid� for Ar�He�2. These have been calculated using the
PHON code39,40 which implements the small displacement
method described in Refs. 41 and 42. With this method, the
quantity which is directly calculated is the force-constant
matrix �i�,j	�Rij�, where Rij is the position vector connect-
ing atoms labeled i and j in the crystal and � ,	 indicate
Cartesian coordinates. This can be evaluated by displacing
selected atoms in one primitive cell by a small amount and
computing the forces induced on all the other atoms in the
system. The force-constant matrix is then the constant of
proportionality between the displacement and the forces.
Atomic forces are calculated with the VASP code32 and within
the PAW scheme.28,29 The phonon frequencies 
qs for any q
vector in the BZ and branch s, are obtained as eigenvalues of
the dynamical matrix which is given by

Di�,j	�q� =
1

�mimj


Rij

�i�,j	�Rij�exp�iq · Rij� , �3�

where mi is the mass of the ith atom and the sum has to be
evaluated for every lattice vector Rij in the crystal. In fact,
��R� is usually short ranged and therefore one only needs to
include in the sum those terms for which ��R� is apprecia-
bly different from zero. This makes the small displacement
method feasible, as one only needs ��R� in a finite supercell.
Convergence of the phonon frequencies 
qs is then ensured
by progressively increasing the size of the supercell used to
evaluate ��R�.

In metallic and semimetallic systems, the force-constant
matrix, and therefore the phonon frequencies, may depend
on temperature because of electronic excitations. In this
work, however, we neglect such dependence because we are
dealing with nonmetallic crystals and the temperature range
considered is in any case not too wide �0�T�2000 K�.

We have tested the convergence of the phonon frequen-
cies with respect to a number of technical parameters. The
quantity used to measure the quality of the results is the ionic
free-energy in the quasiharmonic approximation, given by

Fharm�V,T� =
1

Nq
kBT


q,s
ln�2 sinh��
qs�V,T�

2kBT
	� , �4�

where the sums are over phonon wave vectors q in the BZ
and branches s, and Nq is the number of q points in the sum.
First, we tested the size of the displacement, which has to be
small in order to be in the validity range of the harmonic
approximation but also big enough so that the forces induced
in the crystal are not too small compared to the numerical
noise in the calculations. We found that a value of 0.04 Å is
a good compromise and allows us to obtain free energies at
300 K converged within 1 meV/atom. The calculations were
done using a single MgCu2 unit cell �six atoms�. Second, we
tested convergence with respect to k-point sampling, and we
found that a 12�12�12 MP k-point grid is necessary to
obtain free energies converged within 1 meV/atom at 300 K.
Third, we tested the size of the supercell and found that the
convergence of the vibrational free energy was obtained us-
ing cells containing at least 162 atoms �3�3�3� for the
MgCu2 structure. Finally we did convergence tests on the
grid of q points in which the phonons are calculated and
found that a 20�20�20 q-point grid is necessary for hav-
ing a convergence under 1 meV/atom in the quasiharmonic
free energy.

The Laves phases are low-symmetry structures with a
large number of atoms in the unit cell so calculation of the
corresponding phonon frequencies is a quite demanding
computational task. For this reason, we have not repeated
convergence tests in the rest of structures but adapted some-
how the settings already obtained for the MgCu2 structure to
them. In particular, we have used 2�2�2 supercell �96 at-
oms� and 6�6�4 MP k-point grid for the MgZn2 structure,
and 4�4�3 �144 atoms� and 4�4�4, respectively, for the
AlB2-type structure.

The finite-temperature P−V curves we are to report have
been obtained as the minus derivative of Ftot�V ,T� with re-
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spect to volume. At given temperature T and pressure Pt, a
phase transition between stable (I) and competitive (II) crys-
tal structures occurs whether the Gibbs free energy of both
phases are equal �that is, PI�VI�= PII�VII�= Pt and Ftot�VI�
+ PtVI=Ftot�VII�+ PtVII�; this is the condition that we have
imposed in order to obtain the finite-temperature solid-solid
phase transitions that we report in Sec. IV.

IV. RESULTS

In this section, we present first results and analysis of the
energetic and structural properties of solid Ne�He�2 and
Ar�He�2. Then, we use the results and conclusions obtained
to propose a general and qualitative zero-temperature phase
diagram of all RG�He�2 binary compounds under pressure.
Next, we analyze the electronic structure and evolution of
the electronic-band gap as a function of pressure in Ne�He�2,
Ar�He�2, and Kr�He�2, and present an argument based on
electronic-band theory to explain the trends that are ob-
served.

A. Ne(He)2

In Fig. 3 �top�, we enclose zero-temperature enthalpy en-
ergy differences, �H, of the Ne�He�2 crystal in the MgZn2
structure with respect to the MgCu2 and MgNi2 Laves
phases, as a function of pressure. For a given pressure P,
Ne�He�2 will stabilize in the MgZn2 structure if �H�P��0,
or contrarily, in the Laves structure of largest �H�P�. The
AlB2-type structure has been considered up to a pressure of
1150 GPa but found to be energetically not competitive
��H�−0.05 eV /atom�, so for the sake of clarity we disre-
gard this crystal structure in our subsequent analysis. As one
can see in Fig. 3 �top�, enthalpy energy differences among
the Laves structures turn out to be very small however our
stringent accuracy threshold of 0.1 meV/atom in the calcula-
tion of the energies ensures the reliability of these results.
Reassuringly, �H curves obtained both with LDA �not
shown here� and GGA approximations are well behaved and
show monotonic trends. Uncertainties associated to the esti-
mation of the equation of state are calculated by performing
error propagation analysis over the expression enclosed in
Eq. �2�.

It is shown that at T=0 and up to a pressure of Pt
=120�1� GPa �where 1 GPa is the error associated to our
estimation of Pt� solid Ne�He�2 remains stable in the MgZn2
structure while MgCu2 is energetically the most competitive
crystal phase. This result confirms the suggestion made by
Loubeyre et al.,3 who found evidence for the stabilization
of Ne�He�2 at pressures of 13.7 and 21.8 GPa and performed
synchrotron x-ray diffraction measurements and semiempir-
ical calculations in order to resolve its corresponding atomic
structure. Figure 3 �bottom� also shows P−V isotherms
calculated at zero-temperature and T=296 K. As is ob-
served, the agreement between experiments �performed at
T=296 K� and our results is fairly notable though our cal-
culations systematically overestimate pressure by a small
amount �in particular, 1.9 GPa at V=7.89 Å3 and 4.2 GPa at
V=6.89 Å3�. The value of the parameters that result from

fitting the polynomial function expressed in Eq. �2� to our
zero-temperature results is E0=−0.0313�0.0009� eV, V0
=18.35�0.20� Å3, K0=0.0134�0.0007� eV /Å3 �=2.15�0.11�,
in GPa�, and �=−0.578�0.019�, where figures within paren-
theses indicate the associated error. In the same figure, the
zero-temperature EOS of bulk solid 4He found in Ref. 15
is shown for comparison; as can be seen from the slope of
the P−V curves, the Ne�He�2 crystal is less compressible
than bulk solid 4He �that is, the quantity 1

V
�V
�P is larger in

helium� and this difference appears to increase with raising
pressure. Despite of this, the calculated bulk modulus of
Ne�He�2, K0=2.15�0.11� GPa, turns out to be smaller than
that of many other materials which are standardly used as
pressure-transmitting media in high-load compression
experiments43,44 and synthesis processes �as for instance, ar-
gon, with K0=6.50 GPa,45 and neon, with K0=2.75 GPa
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FIG. 3. Top: enthalpy energy difference, �H, between the
MgZn2, MgCu2, and MgNi2 Laves phases of Ne�He�2 at zero tem-
perature and as a function of pressure. The vertical solid line at 12
GPa separates the low pressure from the intermediate and high-
pressure regimes. Uncertainties associated to �H amount to 0.1
meV/atom. Bottom: equation of state of Ne�He�2 in the MgZn2

phase structure calculated at T=0 and 296 K �uncertainties associ-
ated to the zero-temperature case are represented with vertical
dashed lines�. Experimental data and previous zero-temperature cal-
culations of solid 4He in the hcp crystal phase are shown for
comparison.
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�Ref. 34��. Therefore, binary mixtures of Ne and He appear
to be very well-suited materials for ensuring hydrostatic con-
ditions in high-pressure research.

It is also interesting to note the differential compressibil-
ity of the He-He and Ne-Ne bonds. In particular �see Fig. 4�,
we show that the He-He bonds are the most compressible
and that for a given pressure P the equilibrium He-He and
Ne-Ne pairwise distances are practically identical to those
found in pure solid He and solid Ne, respectively. This result
comes to show that Ne�He�2 apparently behaves as two in-
dependent interpenetrating atomic substructures which do
not interact among themselves. This same behavior is also
observed in solid Ar�He�2. We will comment again on this
finding in Sec. IV C.

In Table I, we report the value of the 4f �z2, occupied
by a Ne atom� and 6h �x1, occupied by a He atom� Wyckoff
positions and c /a ratio in the MgZn2 structure as a function

of pressure. As can be seen, positions z2 and x1 do not vary
significantly with pressure whereas the value of the c /a ratio
increases steadily and saturates to 1.633 at high pressures.
These atomic rearrangements have the overall effect of
making the MgZn2 structure more symmetric. This is shown
in Fig. 4, where we have plot He-He, He-Ne, and Ne-Ne
interatomic pairwise distances of the Ne�He�2 crystal in
the MgZn2 structure as a function of pressure: beyond a pres-
sure of 35 GPa the two first Ne-Ne nearest-neighbor dis-
tances �also the He-He and Ne-He ones� become increasingly
more similar, which is a clear signature for the increase in
symmetry.

Coming back to Fig. 3, there is shown that at a pressure of
Pt=120�1� GPa and zero temperature the Ne�He�2 crystal
undergoes a phase transition from the MgZn2 to the MgCu2
structure. This transformation is related to the gain of sym-
metry of the system and appears to follow a general trend
observed in intermetallic Laves compounds. By looking into
the literature, one realizes that for most of the Laves �C14,
C15, and C36� compounds the value of the size ratio
dA−A /dX−X �where A represents the atom with the largest ra-
dius, X the atom with the smallest radius, and d is the mini-
mum distance between the pair of subscripted atoms� is close
to 1.2. If this size ratio is smaller than �3 /2, the system
generally stabilizes in the MgZn2 structure; otherwise, the
system stabilizes in the MgCu2 structure. In fact, this same
effect happens in Ne�He�2, where the value of the size ratio
dNe-Ne /dHe-He becomes �3 /2 at some point within the pres-
sure interval 60� P�140 GPa, which roughly coincides
with Pt.

Figure 5 shows the dependence on temperature of
the transition pressure Pt corresponding to the MgZn2
→MgCu2 phase transformation in Ne�He�2. �Since there is
not available information about the melting behavior of the
Ne�He�2 crystal, we restrict here our analysis to the tempera-
ture interval 0�T�2000 K basing on previous investiga-
tions performed in pure helium.46� Essentially, what is ob-
served is that the value of Pt increases as the temperature is

FIG. 4. Pressure-induced variation of atomic He-He, He-Ne, and
Ne-Ne bond distances in the Ne�He�2 crystal �MgZn2 structure�.
Evolution of atomic bond distances in pure 4He and Ne bulk sys-
tems are shown for comparison.

TABLE I. Pressure evolution of the 4f and 6h Wyckoff posi-
tions �z2 and x1, respectively� and c /a ratio of Ne�He�2 in the
MgZn2 crystal structure.

P�GPa� z2 x1 c /a

142.30 0.062549 0.832061 1.6336

68.30 0.062641 0.831733 1.6333

33.77 0.062780 0.831469 1.6312

14.21 0.063443 0.831174 1.6301

8.61 0.064341 0.830338 1.6264

4.30 0.062438 0.830602 1.6282
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FIG. 5. Calculated MgZn2→MgCu2 phase boundary in Ne�He�2

as a function of temperature. The solid line is a guide for the eye
which connects the points of the solid-solid phase boundary explic-
itly calculated �solid circles�. Uncertainties associated to our calcu-
lations are shown in the plot with horizontal solid lines.
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raised. This output comes to show that ionic vibrational and
entropic contributions to the total free energy �that is, Fharm�
tend to favor the MgZn2 structure over the MgCu2 one. For
instance, at T=1300 K and V=3.61 Å3 �P220 GPa� we
find that the ionic vibrational free-energy difference �Fharm
=Fharm�MgZn2�−Fharm�MgCu2� amounts to −1 meV /atom.
This result is possibly related to the fact that the MgZn2
structure is less symmetric than the MgCu2 structure. Never-
theless, we find that value of �Fharm in all the studied V−T
states is very small so that the MgZn2→MgCu2 transforma-
tion at T�0 is mostly dictated by the Eperf contribution to the
total free energy and hence close packing and symmetry ar-
guments must also apply to this case.

In Figs. 6 and 7, we report the vibrational phonon spectra
of Ne�He�2 calculated for different crystal structures �MgZn2
and MgCu2� and pressures. In the case of the MgZn2 struc-
ture, we find imaginary phonon frequencies at pressures be-
low 12 GPa. This result can be interpreted in two different
possible ways; one, that the Ne�He�2 system is mechanically
unstable at pressures P�12 GPa, or the other, that DFT is
not yielding the correct atomic forces because of a poor de-

scription of the dispersive interactions in the crystal. Given
the lack of experiments in the low-pressure regime, it re-
mains ambiguous which is the correct answer and, as we
noted at the start of Sec. III, we leave this problem for future
work.

B. Ar(He)2

Zero-temperature enthalpy differences of the Ar�He�2
crystal in the MgZn2, MgCu2, and AlB2 structures are shown
in Fig. 8 �top� as a function of pressure. The MgNi2 structure
has been considered but found to be energetically not com-
petitive so for the sake of clarity we ignore it throughout the
following analysis. According to our calculations, solid
Ar�He�2 stabilizes in the MgCu2 structure at low pressures
while at pressures above Pt=13.8�4� GPa it does in the
AlB2-type structure. �The enthalpy energy of the MgZn2
structure is always larger than that of the MgCu2 and
AlB2-type structures.� The MgCu2→AlB2 solid-solid transi-
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FIG. 6. Calculated phonon frequencies of Ne�He�2 in the MgZn2

phase structure at volume V=6.19 Å3 /atom �P=33.88 GPa�.
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FIG. 7. Calculated phonon frequencies of Ne�He�2 in the
MgCu2 phase structure at volume V=3.50 Å3 /atom �P
=215.15 GPa�.
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FIG. 8. Top: enthalpy difference between the MgZn2-, MgCu2-,
and AlB2-type phase structures of Ar�He�2 under pressure and at
zero temperature. The vertical solid line at 12 GPa separates the low
pressure from the intermediate- and high-pressure regimes. Uncer-
tainties associated to �H amount to 0.1 meV/atom. Bottom: equa-
tion of state of Ar�He�2 in the AlB2-type phase structure calculated
at different temperatures. Uncertainties associated to the zero-
temperature case are represented with solid vertical lines.
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tion that we predict, can be also understood in terms of space
filling and symmetry arguments. In Table II, we show the
value of the c /a ratio in the AlB2 structure as a function of
pressure; the value of such ratio is always large �that is,
0.80�c /a� and it saturates to around 1 at high pressures.
This behavior implies an overall gain of symmetry of the
crystal which is manifested in the appearance of simple hex-
agonal sublattice of Ar atoms and progressive correspon-
dence of first and second Ar-Ar nearest-neighbor distances. It
is quite important to note that, analogously to what we find
in the Ne�He�2 crystal, the differential compressibility of the
constituent element bond distances in Ar�He�2 are very simi-
lar to those found in pure solid He and Ar.

The structural transformation that we predict appears to
complete the series of solid-solid phase transitions observed
in the Laves-type intermetallic compounds under compres-
sion, which is MgZn2→MgCu2→AlB2. A similar trend is
also observed in the family of Al-rare-earth binary mixtures,
for instance in the ThAl2 crystal. This crystal stabilizes in the
AlB2-type structure and it transitates to the MgCu2 structure
by effect of pressure.47,48 In this case, the solid-solid phase
transition occurs in reverse order than in RG�He�2 solids
because the Al-Al bonds turn out to be less compressible
than the Th-Th ones �in RG�He�2 systems, RG-RG bonds are
less compressible than He-He bonds�. A similar behavior has
been also found in YCu2.49

As noted in Sec. II, it is empirically observed that the
AlB2-type structure becomes energetically competitive with
respect to the family of Laves structures when roughly the
value of the bond-distance ratio dA−A /dX−X is between 1.4
and 1.6; in fact, we find that dAr-Ar /dHe-He amounts to 1.50 at
a pressure of 14 GPa. Nevertheless, it is worthwhile noticing
that the value of such ratio increases very rapidly with in-
creasing pressure; for instance, dAr-Ar /dHe-He is already 1.70
at a pressure of P100 GPa. This result points toward pos-
sible pressure-induced stabilization of RG-He mixtures and,
in particular, of Ar�He�2, over crystal structures different
from the ones considered in this work. We will comment
again on such possibility in Sec. IV C.

In Fig. 8 �bottom�, we report the equation of state of solid
Ar�He�2 calculated at different temperatures. A fit of the
polynomial type in Eq. �2� to our zero-temperature results
yields the value of the parameters E0=−0.0078�0.0009� eV,
V0=22.82�0.20� Å3, K0=0.0277�0.0007� eV /Å3

�=4.44�0.11�, in GPa�, and �=−0.265�0.020�, where figures
within parentheses indicate the associated error. As can be
seen, the overall effect of taking into account vibrational
ionic excitations is that of raising the zero-temperature P
−V curve in just few GPa, specifically �P5 GPa.

The vibrational phonon spectra of Ar�He�2 at a volume of
V=9.53 Å3 /atom �P28 GPa� is shown in Fig. 9. There, a
band gap of frequencies �
 over the range of 8.0�

�11.5 THz is observed. Such frequency band gap is a typi-
cal feature observed in laminarlike compounds, such as the

AlB2-type structure and comes to show the difference be-
tween “in”- and “out”-of-plane ionic vibrational modes. In
general, in-plane vibrational frequencies are more energetic
than the out-of-plane ones. In Ar�He�2, we find only one
active Raman phonon which corresponds to in-plane coun-
terphase vibrations of the He atoms. In this case, atomic
bonds and restoring forces are both quite strong. The rest of
-phonon modes correspond to out-of-plane vibrations of the
He atoms �silent mode� or displacement of atomic Ar planes
with respect to He planes �IR modes�. In all these cases,
restoring atomic forces are weak. A schematic representation
of these phonons is enclosed in Fig. 10. We find that the
width of the frequency gap seen in Ar�He�2 increases with
increasing pressure. For instance, �
 is already about 7 THz
at a volume of V=6.37 Å3 /atom �P100 GPa�.

C. Proposed high-P phase diagram of RG-He compounds

As noted in Secs. IV A and IV B, we find that A−A and
X−X bond distances in Ne�He�2 and Ar�He�2 present practi-
cally identical dependence on pressure than found in pure
Ne, Ar, and He crystals, respectively �see Fig. 4�. This find-
ing comes to show that sublattices of atoms A apparently do
not interact with sublattices of atoms X, or in other words,
that atomic short-range interactions in RG-He systems are by
large the most relevant ones. Certainly, this result is in ac-
cordance with previous low-P experimental and theoretical
studies which show that systems of RG species behave as
ensembles of noninteracting hard spheres.50,51 Based on this
result and empirical observations, we have constructed a
semiquantitative phase diagram for RG�He�2 binary mixtures
under pressure up to 200 GPa �see Fig. 11�. Our strategy in
doing this has consisted in calculating bond-distance ratios
dRG-RG /dHe-He as a function of pressure �using the EOS of

TABLE II. Pressure evolution of the c /a ratio of Ar�He�2 in the AlB2-type crystal phase.

P �GPa� 202.91 101.65 52.32 27.29 14.21 7.23

c /a 1.00828 0.99067 0.95920 0.92891 0.86681 0.84107
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FIG. 9. Calculated phonon frequencies of Ar�He�2 in the
AlB2-type phase structure at volume V=9.53 Å3 /atom �P
=27.88 GPa�.
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pure He, Ne, Ar, Kr, and Xe found in Refs. 1, 2, 52, and 53,
respectively� and then setting �3 /2 and 1.40 as the value of
the transition ratio for the MgZn2→MgCu2 and MgCu2
→AlB2 transformations, respectively.6,54–56 As one can see,
the agreement between such semiquantitative phase diagram
and our very accurate first-principles calculations for
Ne�He�2 and Ar�He�2 is surprisingly good �especially con-
sidering that, as we have tested, the approximation used for
the exchange-correlation energy may have the effect of vary-
ing the estimated transition pressures in few tens of GPa�.

We have performed additional first-principles calculations
in solid Kr�He�2 to fully assess the reliability of our proposed
generalized high-P phase diagram. We find that, equivalently
to what is shown in Fig. 11, the Kr�He�2 crystal is more
stable in the AlB2-type structure than in any Laves structure
�by more than 60 meV/atom at low pressures�, and that en-
thalpy energy differences among them increase with increas-
ing pressure �so that pressure-induced phase transitions of
the type AlB2→Laves structure are ruled out�.

In conclusion, it can be said that structural predictions on
RG-He systems at high-P based on very simple calculations
and space-filling arguments may turn to be reasonably accu-
rate. Nevertheless, the question about which crystal structure
should become energetically more favorable than the
AlB2-type structure at extreme compression, remains unan-
swered and we do not find an evident candidate for it �we

note this in Fig. 11 by interrogation sign�. In fact, a clear
trend found in RG-He systems under pressure is that of in-
crease in symmetry so therefore, and also because of the
trigonal character of the AlB2-type structure, it could be
speculated a phase transformation toward some crystal struc-
ture with primitive cubiclike symmetry.

D. Electronic structure

We have studied the dependence on pressure of the elec-
tronic structure of Ne�He�2 in the MgCu2 phase, Ar�He�2 in
the AlB2-type phase, and Kr�He�2 in the AlB2-type phase, by
performing very accurate DFT calculations �with increased
k-point meshes� of the corresponding total and partial density
of electronic states �DOS and pDOS, respectively�. Before
commenting on the results, it must be said that standard DFT
has been proved to underestimate systematically the energy-
band gap �Eg of semiconductors and insulators.9 The essen-
tial reason for this is that DFT is an exact theory for the
description and prediction of ground-state properties but not
for excited states. Nevertheless, there is abundant evidence
showing that in fact DFT yields the correct pressure-induced
behavior of �Eg in most of crystals �that is, opening or
closure�.57–60 Since our main objective here is to predict and
understand the evolution of �Eg in RG�He�2 under pressure,
rather than to provide an accurate and quantitative descrip-
tion of the same, we suffice with standard DFT calculations
and do not resort to more accurate but also computationally
more demanding ansatzs like Quantum Monte Carlo and/or
DFT-GW methods.

FIG. 10. Schematic representation of phonon excitations of
RG�He�2 in the AlB2-type phase structure: E2g �top, Raman mode�,
B1g �bottom, silent mode�, A2u �bottom, infrared mode�, and E1u

�bottom, infrared mode�. Small gray spheres represent 4He atoms
and large black spheres RG atoms.

FIG. 11. Zero-temperature qualitative high-P phase diagram of
binary RG-He alloys under pressure based on structural data and
bond-distance ratio arguments.
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In Fig. 12, we present results for the total DOS of
RG�He�2 crystals in their corresponding high-pressure
phases at pressure 5 �low� and 590 �high� GPa �all Fermi-
energy levels EF have been shifted to zero�. Equivalent cal-
culations have been performed at intermediate pressures but
these are not shown here for the sake of clarity. Despite the
fact that at pressure P=5 GPa we cannot ensure the exis-
tence of the crystal phases enclosed in Fig. 12, for the rea-
sons we commented in Sec. III, we include the correspond-

ing electronic density of states with the sole interest of
analyzing the effect of pressure on �Eg at fixed atomic sym-
metry. As can be seen, �Eg tends to open in Ne�He�2 and to
close in Ar�He�2 and Kr�He�2 as effect of compression. Also
it is observed that the variation in the energy-band gap with
pressure, ��Eg /�P, is more negative in Kr�He�2 than in
Ar�He�2. A priori, one could attempt to explain this behavior
in terms of stable crystal structures and/or electronic struc-
ture of the constituent RG atoms. In order to assess the effect
of the crystal structure on the pressure evolution of the
energy-band gap, we have repeated identical DOS calcula-
tions in Ar�He�2 but in the MgCu2 structure and at different
volumes. In this case, we find that at each studied pressure
the value of ��Eg /�P is also negative but smaller than in the
AlB2-type structure. Therefore, it can be argued that the ef-
fect of the atomic structure on the pressure variation in �Eg
is not to change its sign �that is, to reverse the closure or
opening of the energy-band gap� but to vary somewhat its
absolute value.

Furthermore, we have computed the partial DOSs �s, p,
and d types� of Ne�He�2 in the MgCu2 structure and Kr�He�2
in the AlB2-type structure at low and high pressures in order
to fully understand the pressure evolution of the correspond-
ing energy-band gaps. In Table III, we report the value of the
relative s, p, and d electronic-band populations over energy
intervals spanning 20 eV below and above the Fermi level.
We obtain these values by proper integration of the corre-
sponding partial and total DOSs. There, it is observed that
electronic orbitals below the Fermi level are mostly of the s
and p types in both Ne�He�2 and Kr�He�2 crystals at low and
high pressures; on the other side, electronic d orbitals are
only abundant in Kr�He�2 and in the energy region EF�E
�conduction band�. Another interesting result is that the
population of d orbitals in the conduction band raises signifi-
cantly in all the cases by effect of increasing pressure.

Conclusions derived from Table III point toward plausible
argument explaining the behavior of �Eg in RG�He�2 solids,
namely, under pressure, the energy-band gap will close
�open� whether the population of d orbitals in the conduction
band �mostly provided by RG atoms� is large �sparse�. This
is in accordance with the well-known effect that electronic
d-orbitals experiment smaller increase in energy under pres-
sure than s and p states do since the first are more localized
in space;33,61 therefore, given that electronic s and p states

0

5

10

15

20

−10 0 10 20 30

n
(E

)

Ne(He)2
P = 5 GPa

P = 590 GPa

0

2

4

6

8

10

12

−20 −15 −10 −5 0 5 10 15 20 25

n
(E

)

Ar(He)2
P = 5 GPa

P = 590 GPa

0

1

2

3

4

5

6

7

−20 −15 −10 −5 0 5 10 15 20

n
(E

)

E − EF (eV)

Kr(He)2
P = 5 GPa

P = 590 GPa

(b)

(a)

(c)

FIG. 12. Total density of electronic states of Ne�He�2 in the
MgCu2 phase �top�, Ar�He�2 in the AlB2-type phase �center�, and
Kr�He�2 in the AlB2-type phase �bottom� at low and high pressures.

TABLE III. Relative electronic-band populations in Ne�He�2

�MgCu2 structure� and Kr�He�2 �AlB2-type structure� calculated
over the energy interval EF�E�EF+20 eV, EF being the Fermi-
energy level �figures within parentheses correspond to integrated
partial DOSs over the energy interval EF−20 eV�E�EF�. Pl is
equal to 5 GPa while Ph is 590 GPa.

Type
�%�

Ne�He�2 Kr�He�2

Pl Ph Pl Ph

s 47.3�38.2� 7.5�36.4� 24.7�41.6� 5.9�37.5�
p 44.0�61.7� 48.0�62.3� 18.2�55.9� 10.9�52.8�
d 8.7�0.1� 44.5�1.3� 57.1�2.5� 83.2�9.7�

CAZORLA, ERRANDONEA, AND SOLA PHYSICAL REVIEW B 80, 064105 �2009�

064105-10



are always large in number in the valence band �E�EF�, the
sign of ��Eg /�P will depend basically on the population of
electronic d states above the Fermi level.

In Fig. 13, we show the pressure evolution of �Eg in
Ar�He�2 �AlB2-type structure� up to a pressure of 750 GPa.
As can be seen there, �Eg opens slightly at pressures within
the range 0� P�75 GPa while it clearly tends to close at
higher pressures. This effect can be explained in similar
terms than the ones mentioned in the previous paragraph: a
certain pressure is necessary to initially enhance the popula-
tion of electronic d states in the conduction band �Ar atoms
provide less concentration of d states than Kr atoms at nor-
mal conditions�, so the energy-band gap opens; this regime is
transitory and eventually, when pressure is sufficiently high,
�Eg starts to close.

In the same figure, it is shown that the value of ��Eg /�P
is practically a constant at high pressures. By performing a
simple linear extrapolation, we roughly estimate the metalli-
zation pressure Pmetal of the crystal �that is, �Eg�Pmetal�=0�
to be 1630 GPa. It is interesting to note that, in spite of
the deficiencies of customary DFT at estimating the correct
value of �Eg, our prediction for the nonmetallic to metallic
pressure-induced transition in Ar�He�2 is about one order
of magnitude smaller than the one obtained in pure helium
with similar computational approaches than used here,
Pmetal

GGA =15 420 GPa,62 or with the more complex but also
very accurate diffusion Monte Carlo method, Pmetal

DMC

=25 700 GPa.9 This finding is at odds to what is predicted
by Matsumoto and Nagara14 in the Ar�H2�2 crystal.

V. DISCUSSION AND CONCLUSIONS

There are several analogies between the hydrogen mol-
ecule and the helium atom. Both are bosonic entities, light
weighted and possess the same number of electrons. Also,
bulk solid H2 and 4He are both stable in the hexagonal
closed-packed structure and present very similar electronic
density profile when looking at a same interparticle

separation.63 Furthermore, compounds such as Ar�H2�2 have
been realized experimentally and found to stabilize in the
Laves and AlB2-type structures.10,11,14 Because all these
similarities and the good qualitative agreement between ac-
curate first-principles calculations and atomic size-ratio argu-
ments in RG�He�2 systems, it seems natural to sketch a semi-
quantitative generalized phase diagram, equivalent to that
shown in Sec. IV C, also for RG�H2�2 crystals. In Fig. 14, we
present such phase diagram where we have considered all
possible RG-H2 mixtures �made the exception of He� up to a
pressure of 200 GPa and based on the data found in Ref. 63
for H2.

For a given pressure, H2-H2 bond distances in pure hydro-
gen are larger than He-He atomic distances in bulk helium,
so curves in Fig. 14 appear shifted downward with respect to
the ones reported in Fig. 11. A quite interesting result coming
out from our semiquantitative phase diagram is the pressure-
induced behavior of the Ar�H2�2 crystal. This appears to sta-
bilize first in the MgZn2 Laves structure, then in the MgCu2
Laves structure, and finally in the AlB2-type structure. This
result differs from the generally accepted series of pressure-
induced transformations taking place in Ar�H2�2, which is
MgZn2→AlB2. To the best of our knowledge the MgCu2
Laves structure has not been considered in any previous in-
vestigation of RG-H2 mixtures. We recall here that solid
Ar�H2�2 has raised much attention in the last few years be-
cause possible induced molecular dissociation and subse-
quent metallization of hydrogen at much lower pressures
than predicted in bulk H2.10,11 The fundamental reason for
this proposition is that, at a fixed pressure, intermolecular
H2-H2 distances are shorter in such compound than in pure
hydrogen. In view of this argument and Fig. 14, it can be
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FIG. 13. Evolution of the electronic-band gap of Ar�He�2 in the
AlB2-type phase structure with pressure. The metallization pressure
of helium in such compound is estimated to be of order Pmetal

1630 GPa.

FIG. 14. Zero-temperature qualitative high-P phase diagram of
binary RG-H2 alloys under pressure based on existing experimental
data and atomic size-ratio arguments.
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suggested that solid Kr�H2�2 might turn out to be even a
better candidate than Ar�H2�2 where to observe the so long-
awaited pressure-induced metallization of hydrogen since the
first already stabilizes in the AlB2-type structure at low pres-
sures.

Certainly, the generalized high-P phase diagram of Fig.
14 must not be interpreted literally since its character is
qualitative and may contain some serious imprecisions. For
instance, the MgCu2→AlB2 transformation in Ar�H2�2 is
predicted to occur at a pressure of 75 GPa, which is much
smaller than the transition pressure reported for the MgZn2
→AlB2 transformation in the same crystal obtained with
DFT �Pt240 GPa�.14 Nevertheless, we believe that the
MgCu2 Laves structure must not be ignored in the study of
RG-H2 compounds and it is our intention to carry out further
and improved calculations of this kind of systems contem-
plating such possibility.

In conclusion, we have performed a comprehensive first-
principles study of the energetic and structural properties of
solid Ne�He�2 and Ar�He�2 mixtures, up to a pressure of 300
GPa and over the temperature interval 0�T�2000 K. As a

result, we predict pressure-induced solid-solid transforma-
tions in both systems which involve the family of Laves and
AlB2-type structures. Based on empirical observations and
space-filling arguments, we drawn a general phase diagram
for the whole family of RG-�He�2 crystals up to a pressure of
200 GPa in which we map out general structural trends; this
is shown to be in excellent qualitative agreement with ab
initio calculations. A similar construction is also done for
RG-�H2�2 crystals and we find that the MgCu2 Laves struc-
ture might turn out to be competitive with respect to the
MgZn2- and AlB2-type structures. Additionally, we explore
the pressure evolution of the energy-band gap in some
RG�He�2 compounds and elaborate an argument based on
band-theory concepts which explains the observed trends.
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